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Abstract 

The E -transform is a new spinor transform arising naturally in 
Einstein's general relativity. Here the example of conformally flat 
space-time is discussed in detail. In particular it is shown that 
for this case, the transform coincides with two other naturally de- 
fined transforms: one a two- variable transform on the Lie group 
§U(2, C), the other a transform on the space of null split octaves. 
The key properties of the transform are developed. 



Introduction 



The H-transform is a transform arising naturally in general relativity, which was 
found earlier this year by the author as the culmination of a long development |[TJ- 
lfT2l . If M is a space-time (space and time orientable, with a fixed spin structure), 
denote by S>* the co-spin bundle of M, the space of all pairs (x, tt), with x G M 
and 7r a Weyl co-spinor at x, so §* is a complex vector bundle over M, whose 
complex fiber dimension is two. For convenience, we delete the zero section, so 
7r 7^ 0. Denote by J\f the horizontal vector field on §*, that represents the null 
geodesic spray. A twistor function f(x,7r) is by definition a function on S* that is 
killed by J\f [[T3l - [fT5l . The function f(x, it) is said to be homogeneous of integral 
degree k if and only if f(x,tir) = t k f(x,7r), for any real non-zero t. Denote 
by Hk the space of all twistor functions, homogeneous of degree k. Then the H- 
transform is a conformally invariant transform mapping 7Y_ 4 to 7Y_ 2 . The basic 
definition of the transform is given in detail in the author's preprint [1J. In this 
work we analyze the transform for the case of conformally flat space-time. We 
discuss three versions of the transform, here denoted by Hi, H 2 and H 3 : 

• Si (/)(#, ft) = / f(p,g- 1 ph)u p . 

JpeG 

Here G is a compact Lie group, u p is Haar measure, and / is a smooth 
function of two G-variables. Then the output Hi(/) is a smooth function of 
its two arguments. 

• E 2 (f)(x,r]) = i ^ f(x a + srj A r] A ' ,n C ')dsTT B 'dTT B ,7i B dT B . 

J n A i'q A =1 

Here we use two-component spinor notation lfT3l - lfl~5ll . The function f(x a , it a 1 ) 
is a twistor function, so is constant along null geodesies: n A ~W A d a f(x b , itb>) = 
and is homogeneous of degree minus four: f(x, tir) = t~ A , for t real and 
non-zero. Then the output function H 2 (/) is also a twistor function, this 
time homogeneous of degree minus two. 

At first sight, these two transformations may seem unrelated. We link them by 
invoking a third transformation, which uses the triality theory of Elie Cartan for 
spinors associated to the group 0(4, 4, R) [[I61-0/71, JT21, ED. This employs three 
eight-dimensional real vector spaces, V Q , V/? and V 7 , each equipped with a dot 
product of neutral signature (4, 4) and linked by the triality map, denoted (xyz) G 
R, for any x, y and z in Y a , Vp and V 7 . Dualizing, we obtain product maps, such 
that (xyz) = (yz).x = (zx).y = (xy).z, for any x, y and z in V a , and V 7 , 
where the products (yz), (zx) and (xy) take values in Y a , Vp and V 7 , respectively. 
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The triality obeys the key relations: ((yz)y) = y.yz, (z(yz)) = z.zy, (x(zx)) = 
x.xz, ((zx)z) = z.zx, (y(xy)) = y.yx and ((xy)x) = x.xy, for any x, y and z in 
V a , Vp and V 7 and the whole theory is invariant under permutations of the three 
vector spaces. Such a triality is usually studied in the positive definite case, in 
which case, if (xy) = 0, for x in Y a and y in Vp, then it follows immediately that 
either x or y is zero. Here however, if (xy) = 0, we have = ((xy)x) = x.xy 
and = (y(xy)) = y.yx, from which we see that it is conceivable that x and y 
can be both non-zero, provided that they are both null vectors. Then for y a fixed 
non-zero null vector in Yp, it emerges that the space M y of solutions x E Y a , of 
the equation (xy) = is a four-dimensional completely null self-dual subspace of 
Y a . Then the following integral is well-defined: 



Here / is a smooth function, homogeneous of degree minus four in the 
variable x £ Y a and the integral is taken over an oriented three-sphere rep- 
resenting the fundamental homology class of the complement of the origin 
in the four-space Af y . It emerges that £,3(f)(y) abcd factorizes: 



• Uf)(yr cd = Z 3 (f)(y)<J abcd (y). 
Here a abcd = offy e 'y f ' and off = o [ $f\ and off is trace-free in its 



index pair e'f. Then erL, ' gives a natural isomorphism of the space of 
trace-free symmetric tensors of Yp with the space of self-dual four skew 
four-index tensors of the space V a , both spaces being thirty-five dimen- 
sional. Then the coefficient H 3 (/) (y) is smooth and homogeneous of degree 
minus two in the non-zero null vector y. This gives us our third transform. 

There are now two main results in this work: 

• All three transforms are equivalent, provided we take G = SU(2, C) for the 
case of the transform Hi. 

• All three transforms obey an equation of the form S o D = D o B = 0, 
where □ is a second-order conformally invariant wave operator (for the 
ultra-hyperbolic signature (3, 3)), whose existence follows from the general 
theory of C. Robin Graham, Ralph Jenne, Lionel Mason and the present 
author |fT8l 

We suspect that a stronger result is true: namely that the kernels and images of 
5 and □ exactly match. However we only prove this here under the technical as- 
sumption that the input function has a finite spherical harmonic decomposition. 
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• In sections one and two below, we organize the theory of Casimir differen- 
tial operators on a Lie group. 

• In section three, we describe the spherical harmonics of the group SU(2, C) . 

• In section four, we reformulate the spherical harmonic theory in terms of 
two-component spinors. 

• In section five, we introduce the transform and prove its basic properties, 
for the case of an arbitrary compact Lie group. In particular for the case 
when the group is SU(2, C), we prove the relation CoS = HoC = 0, 
where C = C + — C~ and C + and C~ are the standard quadratic Casimir 
differential operators of SU(2, C), defined in terms of the first and second 
variable of the transformed function H (/)(<?, h), respectively. 

• In section six, we analyze the kernel and the image of the H-transform under 
the technical assumption that the input function has a finite decomposition 
in spherical harmonics. 

• In section seven, we introduce the basic null twistor space, which after re- 
moving a real scaling degree of freedom has topology the product of two 
three-spheres and which is metrically conformal to the metric G + — GL, 
where G± are unit three-sphere metrics on the two factors of the product. 
Geometrically this space represents the space of null geodesies in confor- 
mally compactified Minkowksi space-time, where the geodesic is supplied 
with a tangent co-spinor, defined up to a non-zero real scaling and parallelly 
propagated along the null geodesic. Note that the six-dimensional confor- 
mal geometry is of the type of Charles Fefferman, associated to the invariant 
Cauchy-Riemann structure of the null twistor space flU. 

• In section eight, we introduce the basic symmetry groups of the twistor 
space, the groups U(2, 2, C) and 0(4, 4, R). 

• In sections nine and ten, we give two different formulations of the null 
twistor wave operator, □, one using the ambient non-null twistors and the 
other purely intrinsic. 
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• In sections eleven, twelve and thirteen, we translate the twistor symme- 
try generators and the null twistor wave operator into the language of two- 
component spinors. 

• In section fourteen, we introduce the spinor version of the 2-transform and 
then in sections fifteen and sixteen, we prove the basic relations H o □ = 
□ oS = 0. 

• In section seventeen, we develop the theory of 0(4, 4) triality using quater- 
nion variables and we discuss the incidence relation for null vectors of the 
triality: the systematic use of quaternion variables tightens up and simplifies 
the earlier treatment of the author and Philip Tillman $2%. 

• In section eighteen, we use twistor variables to parametrize the triality. 

• In section nineteen, we introduce the invariant transform using the twistor 
variables and prove that the invariant transform encodes the same informa- 
tion as the spinor version of the transform. 

• Finally in section twenty, we reduce the invariant transform to the two- 
variable group transform, finishing the proof that all three transforms are 
equivalent. In particular the group structure of the first transform is under- 
stood to arise from a particular choice of conformal factor for the invariant 
approach. Thus in the group approach the underlying conformal invariance 
is not manifest and the relevant functions are not conformally weighted, 
unlike in the other two cases. 
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1 Left and right invariant vector fields 

Let G be a compact real Lie group, so G is also naturally a smooth (even real 
analytic) compact manifold. For each g e G denote by L g : G — > G and i? 9 : 
G — > G the smooth operations of left multiplication and right multiplication, 
respectively. So L g (fc) = gk and i? g A; = kg, for any h e G. Note that L 9 
and i? h commute for any g and /i in G. Also denote by Ad g : G — > G the 
adjoint representation of G on itself, so we have Ad s = L g R g -i, for any g E G. 
Denote by u; the Haar measure for the Lie group, which we represent smoothly 
by a volume-form uj with value u g at g e G. Then a> is invariant under the 
operations of left multiplication and right multiplication by elements of G, so u 
is also invariant under the adjoint map. Denote by V a the Lie algebra of left- 
invariant vector fields on G. Here we use Greek indices for the tensors based on 
the tensor algebra of the tangent and cotangent spaces at the identity of G. Then 
we have the Lie bracket: 

[V«,V /J ]=C a|J 7 V 7 . 

Here C a/3 7 = —C^ are the structure constants of the Lie algebra. Similarly, 
denote by A a the Lie algebra of right-invariant vector fields on G. Then we have 
the Lie brackets: 

[V a ,A p ] = 0, [A a ,A p ] = -C a ;<A,. 

Here we have the normalization that at the identity of G, A a and V a are equal 
(and are equal to the Kronecker delta tensor at that point). Denote by Ad(g)^ the 
adjoint action of the Lie group G on the tangent space to G at its identity element. 
Then we have: 

(A a ) g = Ad(g-y a (V p ) g . 

For each vector v a in the tangent space at the identity of G, denote by = v a V a 
the corresponding left-invariant vector field. Integrating the vector field V„ gives 
a one-parameter group of transformations of G, denoted by R v (t), with t E i 
We have R v (t) = R gv u), where exp v (t) is the integral curve passing through 
the identity element of the vector field V„. Also denote by = v a A a the 
corresponding right-invariant vector field. Integrating the vector field A v gives a 
one-parameter group of transformations of G, denoted by L v (t), with tel. Then 
we have L v (t) = L cxPv ( t y Note that exp v (—t) = (exp^i)) -1 , for any v in the Lie 
algebra and any real t. 
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2 Casimir operators 



A Casimir operator C for the Lie group G is, by definition, a differential operator 
on G, that is both left and right-invariant. Such an operator may be written as a 
polynomial in the operators V a or A a with constant coefficients. Modulo the Lie 
algebra relations, it then has a unique expression as a sum combination of terms 
C n , n — 0, 1, 2, . . . , where C is a constant multiple of the identity and if n > 1, 
C n takes the following form: 

O n — O V ai V Q2 . . . V Qn — <_/ ZAqj ZA Q2 . . . lA an . 

Here the coefficient tensor C aia2 --- an is totally symmetric and is both left-invariant 
and right-invariant. If C n = for all odd n, we say that the Casimir operator is 
even; if C n = 0, for all even n, we say that the Casimir operator is odd. If only 
Ck is non-zero, we say that the Casimir operator is of order k. 

In the special case that the Lie group is semi-simple, we introduce the Killing 
form, defined by the formula: 

Then it is standard that g a/3 is symmetric and invertible and left and right invariant. 
Denoting its inverse by g Q/3 , we have a preferred second order Casimir operator, 
denoted by □: 

□ = g aP V a V p = g a ^A a Ap. 

In general, if the Lie group has rank m, there are m independent Casimir oper- 
ators, that together with the identity operator generate the algebra of all Casimir 
operators. For example in the case of the special unitary group SU(n, C), consist- 
ing of all unitary n x n complex matrices of unit determinant, we may write the 
Lie algebra as: 

[EIE]}= fyEf-SfE*. 

Here is trace-free and hermitian. Then any polynomial in the operator 
traced over all its indices, in any fashion, gives a (possibly identically zero) Casimir 
operator. The algebra has rank n — 1, the independent Casimirs being given by the 
quantities tr(E k ), for k — 2, 3, ... n (where E k is the fc-fold matrix product of E 
with itself). In particular, for the case n — 2, the only independent Casimir opera- 
tor is the Killing operator, which is proportional to the operator tr(E 2 ) = E^E^. 
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3 The case of the Lie group SU(2, C); harmonics 

The case we need for later is the case of the group SU(2, C), which we will usually 
represent as the group of quaternions q that are unit: qq = qq = 1. If we write 
q = t + xi + yj + zk, where (t,x,y,z) e M 4 , i 2 = j 2 = k 2 = ijk = — 1, 
then the group is represented as the unit real three-sphere in IR 4 , with equation 
t 2 + x 2 + y 2 + z 2 = 1. A basis for the left invariant vector fields is obtained 
from the one parameter groups e ts , e^ s and e ks , where s is real. The corresponding 
left-invariant vector fields are as follows: 

J = tV - xd t - x x V. 

Here we have x = [x,y,z] and V = [d x , d y , d z \ and we use standard vector 
notation for Euclidean three-space with co-ordinate vector x. Then we have: 

J x J = (£V - xd t - x x Y) x (tV - xd t - x x V) 

= (x x V)^* + t(V x (V x x)) - x9 t x (*V) + x x (x x V)9 t 

— (x x V) x (tV -i9 ( -xx V) 
= -x x V + tV(3 + x.V) - t(V.V)x - (z.x)V9( + x{x.V)d t 
+x(V.(tV - xflt)) - V(x.(tV - xflt)) + iV - x<9 t - x x V 
= 2tV - 2x x V - (x.x) V9 t - Axd t + V(x.x)d t = 2 J. 
Written out in components, we have: 

[t/j, «7j] 26jj^</ . 

Here e^-fe is the alternating symbol on three elements, with ei23 = 1. The right- 
invariant vector fields are obtained similarly: 

K = tV - xd t + x x V. 

Note that at the identity, where t — 1 and x = 0, the vectors J and K agree, since 
they each reduce to just V. Then we have: 

[Ki,Kj] = —2ei jk K k , [J t ,K 3 ] = 0. 
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There is one non-trivial Casimir operator, associated to the Killing form, which 
we may take to be: 



j.j = (tV -xdt-xx V).(tV - xd t - x x V) 
= ^ 2 V.V - (3 + x.V)td t - x.V(l + td t ) + x.xd 2 + (x x V).(x x V) 
= t 2 V_.V_ - (3 + 2x.V)td t - x.V + x.xd 2 - ((x x V) x (V)).x 
= ^ 2 V.V - (3 + 2x.V)td t - x.V + x.xd 2 + x(V.V).x - (x.V) (3 + x.V) 
= (t 2 + x.x)(d 2 t + V.V) - (2 + 2x.V)ta t - (td t ) 2 - (x.V) (2 + x.V) 
= (t 2 + x.x)(d 2 + V.V) - 2(t<9 t + x.V) - (td t + ^V) 2 
= (9a b x a x b )g cd d c d d - x a d a (x b d b + 2). 
Here x a = (t, x, y, z) and g ab is represented by the identity matrix, so we have: 



x a d a = td t + xd x + yd y + zd z = td t + x.V. 
Note that K_.K_ is the same operator as J.J. 

A harmonic polynomial of degree k, p(x a ), on §U(2, C) is the restriction to the 
three-sphere g a \ ) x a x h = 1 of a polynomial in x a that is harmonic g ab d a d b p = 
and is homogeneous of non-negative integral degree k: x a d a p = kp. So we see 
that a harmonic polynomial is an eigen-state of J.J of eigen- value — k(k + 2). 
The polynomial is then said to have spin |. Finally by the Peter- Weyl theorem 
a smooth function on the group may be uniquely decomposed into its harmonic 
components. Explicitly, the harmonic transformation H(f) of f(x) is: 



Here the dot product is the standard Euclidean dot product of vectors in R 4 . Also 
the integral is taken over the unit three-sphere, S 3 , with equation x.x = 1 and u x 
is the invariant volume form of the three-sphere, normalized so that the integral of 
the constant function 1 over the three-sphere gives the result 1. The homogeneous 
components of the Taylor expansion of H(f)(y), in powers of the vector variable 
y a , give the various spherical harmonics of /. Note that d y .d y H(f)(y) = 0, 
so each component is a harmonic polynomial of the form h aia2 - ak y ai y a2 . . . y ak 
where the (constant) tensor h aia2 - ak is totally symmetric and trace-free on any 
pair of indices. 



g ab x a x b = t 2 + x 2 + y 2 + z 2 
g cd d c d d = d 2 + d 2 x + d 2 y + d 2 



t I tjC • *C j 

dt + V.V 
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4 The spinor approach to SU(2, C) 



We work with a complex two-dimensional vector space 8, called the spin space. 
§ is equipped with a quaternionic conjugation: a conjugate complex linear map 
from § to itself, whose square is the negative of the identity. If a e S, then its 
conjugate is denoted a. If a e 8, then {a, a} forms a basis for S, over C, if 
and only if a is non-zero. We use upper case Latin indices for the tensor algebra 
over C of S. Then the conjugate of the spinor a A is the spinor a A . We give § a 
complex symplectic structure, denoted e AB which is self-conjugate. If a A is any 
non-zero spinor, we have 2a^ A a B ^ = ke AB , where k is real and non-zero. It is 
easily seen that the sign of k is independent of the choice of the spinor a. We 
say that e AB is positively oriented, relative to the given conjugation, if and only 
if k is always positive. Note that if e AB is not positively oriented, then — e AB is 
positively oriented. Henceforth we take e AB to be positively oriented. Then a is 
said to be normalized if and only if k — 1. In index-free notation, e is positively 
oriented if and only if there exists a non-zero spinor a, such that 2a A a = e. Then 
any such spinor a is normalized. If a is normalized and (3 is any spinor, then we 
have (3 = pa + qa, for some complex numbers p and q. Then (3 = —qa + pa and 
(3 A (3 — (\p\ 2 + \q\ 2 )a A a, so (3 is itself normalized if and only if \p\ 2 + \q\ 2 = 1. 
The matrix m of the transformation a — > (3 is: 



m = 



p -q 
q p 



, det(m) = \p\ 2 + \q\ 2 = 1. 



The group of all such transformations is the group §U(2, C). Using indices, the 
elements of SU(2, C) are represented by endomorphisms m B which are self- 
conjugate and preserve e AB : 



rfi B = m/, m^m B e CD = e AB . 



Spinor indices are raised and lowered using e AB and its inverse e^B, as appropriate 
according to the rules v A = v B e BA and v A = e AB v B - In particular, we have 
e AB e AB = 2. Also a spinor a A is normalized if and only if a A a A = 1. 
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The Lie algebra of SU(2, C) is represented by self-conjugate vector fields J C d = 
J dc on the group, which obey the relations at any point m A of the group: 

UcD^riA = -™-A{c8 D f. 

For any spinors a and f3, put J a = a A a B Jab, Jp = /3 a /3 b Jab and J a/3 = 
a A j3 B Jab = J p a - Then we have, for any spinors a and (3: 

2J a m A B = m A c otcot 3 , 

4J a J/3m A B = 2J a m A c (3 c l3 B = -a D (3 D m A c a c f3 B , 
2(J a J p - Jf]J a )m A B = a D p D m AC (a ic /3 B) = 2a E f3 E J CD a C P D m A B , 

[Ja, Jp] = ®Ef3 E Jaf3- 

Here the bracket denotes the Lie bracket of vector fields on the group. Polarizing 
appropriately, with respect to a and (3, we get also: 

2[J a , J a p] = aE/3 E J a , 2[J / 3, J a p\ = —aEf3 E J/3. 

Take a to be normalized and put f3 = a, J 3 = iJ a a, J+ = Ja. and J_ = J^. Then 
we have: 

[J+,J_] = J 3 , 2[J ± ,J 3 ] = ±J±, 

Jcd = olc&dJ- +a c a D J + + 2ia( C ®D) J?,- 

Finally write J± = J\ ± iJ 2 and put J_— [J l5 J 2 , J3]. Then J u J 2 and J 3 are real 
vector fields and we have: 

2[Ji, Jj\ tijkJk- 

Then we have: J CD J CD — J-J+ + J+J- + 2 J| = 2( J\ + Jf + J|) = 2 J. J. 
Comparing with our previous J operator, which obeyed the commutation relations 
[Ji, Jj] = 2eijkJk, we see that if we were to multiply each of our present operators 
by a factor of four, the commutation relations would be the same. So the operator 
JcdJ CD is one-eighth of our previous Casimir operator, whose eigen-values were 
— k(k + 2) with k a non-negative integer. Thus the operator JcdJ CD has eigen- 
values — \k(k + 2). In particular, acting on m A we have: 

8J CD J CD m A B = -AJ CD m A c e DB = 2m A (cS D f€ DB = -3m/. 

So k = 1 and we say that m A is (pure) spin one-half (the parameter k correspond- 
ing to twice the spin). Similarly, for n any positive integer and for any constant 

spinors ps and q A , the spinor function (m A B pBq A ) n is of spin — . 
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5 The ~ -transform for compact Lie groups 

Let f(g,h) denote a smooth function of variables g and h in G. So / : G x G — > R. 
Denote by V+/ and A+/ the action of the invariant vector fields V a and A a of 
G on the first argument of /, respectively and by V~/ and A~f the action of the 
invariant vector fields on the second argument of /, respectively. If C is a Casimir 
operator of G, denote by C + its action on the first argument of f(g,h) and by 
C~ its action on the second argument of f(g, h). If C is of degree k, define its 
extension to two variables, denoted C, by the formula: 

C = C + - {-i) k c-. 

For each smooth f(g, h), define H(/), called the S-transform of /, by the formula: 

Z(f)(g,h) = J f(p,g- 1 ph)u p . 

Here uo p is the Haar measure in the p- variable, represented as a smooth real volume 
form on G. In these and the subsequent integrals, the variable p E G is understood 
to range over the whole Lie group G. Note that using the bi-invariance of the form 
Up, we can rewrite this transform in the various ways: 

Z(f)(g,h) = J f(p,g' 1 ph)u p = J f(gp,ph)u p = J f(gph~\p)up = J fiph' 1 , g'^Up. 

It is clear that S(/) is a smooth function on G x G. We calculate the operators 
C ± acting onZ(f)(g,h): 

• First multiply h on the right by exp„(t). Then we have, for any real t and 

any v a : 

Z(f)(g,hexp v (t)) = J f{p,g- l phexv v {t))u p 

= J f(p,uR v (t)) u=g -i ph Up 
Differentiating with respect to t and putting t = 0, we have: 

(VaS(/))(0,ft) = [(V-f)(p,u) u=g -ip h u p . 
Then we have, by repeated differentiation of the last formula: 

(C~Z(f))(g,h) = J (C-f)(p,u) u=g -i ph Up. 
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• Second, we multiply g on the right by exp v (t) in the formula for E(f)(g, h). 
Then we have, for any real t and any v a : 

£(/)(#exp„(£),/i) = J f(p,exp v (-t)g- 1 ph)uj p = J f(p, L v (-t)u) u=g -i ph u p 
Differentiating with respect to t and putting t = 0, we have: 

(V+Z(f))(g,h) = - J(A-f)(p,u) u=g ^ ph u p . 

Then we have, for C a Casimir operator of order k, after iteration of this 
formula: 

(C + ~(f))(g,h) = (-l) k J(C-f)(p,u) u=9 - lph u p . 

Subtracting these two relations, we have proved: 

• If C is a Casimir operator of G of order k, then the function E(f)(g, h) 
obeys the invariant partial differential equation of order k: 

(CZ(f))(g,h) = 0. 

Next we rewrite the 5-transform with the arguments g and h moved to the first 
argument of /: 

Z(f)(g,h) = J f(gph~ 1 ,p)uj p . 

Then we have, as above: 

Z(f)(g,exp v (t)h) = J figph' 1 exp v (-t),p)u p , 

(A-~(f))(g,h) = - J(V+f)(gph-\p)u p , 

(C-E(f))(g,h) = (-l) k J {C + f)(gph- l g,p)ui p = (-l) k J(C + f)(p, g~ l ph)u p . 

But earlier we proved the relation: (C~E(f))(g,h) = J(C~ f)(p, g^pfyujp. 
Hence, by subtraction, we have the formula: 

0= y"(c + -(-i) fe c-)(/)( P , 5 -w P . 

We have shown the key result: 

• For any Casimir operator C on G, the H-transform obeys the relations: 

CoE = EoC = 0. 
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6 The kernel of the ~ -transform in the SU(2, C) case 

In this section, we make the simplifying assumption that all functions involved 
are linear combinations of only finitely many spherical harmonics. We expect the 
results to go through without this assumption, but we do not prove this here. 

Henceforth we assume that G = §U(2, C), which is also the Lie group of unit 
quaternions under multiplication. Denote by C its second-order Casimir oper- 
ator, determined by the negative of the inverse of its Killing form, so that its 
eigen- values are n(n + 2), for n a non-negative integer. For non-negative inte- 
gers k and I, denote by M k j the space of all (necessarily real analytic) harmonics 
f(g, h) on SU(2, C) x SU(2, C) that obey the relations C+f = k(k + 2)f and 
C~f = 1(1 + 2)f. Also for N any non-negative integer, put: 

H JV = M+eM^ = e^ =0)J=0 H fc ,,. 

The spaces and are mutually orthogonal with respect to Haar measure. 

Henceforth we fix N and assume / e M N . Suppose that the H-transform of / 
vanishes, so we have E(f)(g, h) — J f(p, g~ 1 -pK)uJ v = 0. The harmonic parts f k j 
of / with k ^ I axe killed by the 5-transform, since such parts lie in the image 
of C = C + — C~ , since Cfk,i = (k — l)(k + I + 2)fk,i, or equivalently, since the 
eigen- value function x(x + 2) of C is one-to-one for x real and non-negative. So 
the 2-transform kills the space Hjj. Our aim is to show that nothing else lies in 
the kernel of S acting on M. N . Accordingly, we need only look at functions f(g,h) 
of the form: / = J2 k fk(9, h ) where fk(g, h ) obe ys C + f k = C~f k = k(k + 2)f k , 
so f £ H^. Then we may write the condition that / be in the kernel: 

£ / fk(x\x b m a b )u x = 0. 
k J 

Here x a = (t, x, y, z) e ffi 4 and each f k (x a y b ) is bi-harmonic, so may be written: 

f k {x\ y b ) = f a ^x ai * a2 ■ ■ ■ ^y blVb2 ...y bk . 

Here falal'.'.' b a k is a constant tensor and is symmetric and trace-free on any pair of 
its upper indices and symmetric and trace-free on any pair of its lower indices. 
Also the matrix ml is an arbitrary SO(4) transformation and u x is the invariant 
volume measure on the unit three-sphere: g ab x a x h = 1. Here g ab is the Euclidean 
metric tensor for M 4 . 
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We can do the integral explicitly, leaving the following sum to be analyzed: 

Here Ck is a positive (computable) constant, depending only on k. Since ml is a 
SO(4, R) transformation, it obeys the equation: 

m b m d9ac = 9bd- 

We can differentiate this relation with vector fields J ca = m e [ c d e a y We have: 

m ecd e a m b p m d q g pq = m ec 8 p a 8 e b m d q g pq + m ec 5 q a 5 e d m b p g pq = m hc m da + m dc m ba 

So taking the skew part in the indices ca, we find that J ca kills the defining relation 
for SO(4, R). Then J ca gives the Lie algebra of SO(4, R). Also we have: 

J cd m a b = m e[c 5 d] b 5 e a = m a[c 5 d] b . 

Now we differentiate our sum, using the Lie algebra operators J cd . The result is: 

We differentiate again, using the generators J e f, giving the formula: 

= ^k(k-l)c k m^ [e m mc f^;;^ . . . m£+fcc fc ( Jefm bl[c )f b ^^m^ . . .m a h \ 

= ^-i)^ fe Fm c C:i;< • • • < fc +^ fc m 6l[e5/][ j^:i < • • • <■ 

Trace this relation with —2g ec gf d : 

= ^ -2/ c / d A;(A;-l)c,m b2e m| 6l | [ J^;^m^ . . . <-2sVW^/[c#£ 

= ^ -2/^(/.-i)c fc m b > |bll[ ^:i fc < • • • < fc - 2fcc ^ 6 ^[cC:i< 2 ■ ■ ■ ™ 

= 5] *(* + 2) C j:*i<< 2 < • • • <■ 

So each term Ckf b l a 2 2 '' b a k m^m^ . . . m a h h k is an eigenstate of the second order SO(4)- 
Casimir operator —2g ec gf d J cd J e f = —2J cd J cd of eigenvalue k(k + 2). Eigen- 
states of different eigen-values are orthogonal with respect to the Haar measure 
of SO(4). Since the function k(k + 2) is single-valued, when k is non-negative, 
the various terms in the sum are mutually orthogonal. Since the sum is zero, each 
individual term must be zero, giving the relation, for each non-negative integer k: 

U - J axa 2 ...a k m b x m b 2 ' ' ' Ul b k ■ 
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We would like to conclude that fal b a 2 2 ;; b a k vanishes identically. To do this we 
may henceforth assume that k > 1. We re- write the relation using spinors and 
the isomorphism of the spin group of SO(4) (a double cover of SO (4)) with 
SU(2,C) x SU(2,C): 

n r-BiB 2 ...B k B' 1 B' 2 ...B' Ai A 2 A k A', AL A' 

= fA 1 A*...A k A!iA! 2 ...A\ t m B 1 m B 2 ■ ■ ■ m B k ™B{ m B* 2 ■ ■ ■ m B' k ■ 

Here m A B and m Jf' are elements of SU(2, C), independent of each other. So it is 
sufficient to prove: 

n _ fBiB 2 ...B k A x A 2 A k , rB 1 B 2 ...B k _ p> 

U - JA 1 A 2 ...A k m B 1 m B 2 ■ ■■ m B k =^ )A x A 2 ...A h ~ U - 

Here we may assume, without loss of generality, that /^jf^ "a* * s symmetric un- 
der the simultaneous interchange of an (A p , S p )-pair with an (A q , i? g )-pair, for 
any p and q. Then /^j^jj has ( fe + 3 ) = |(fc+3)(/c+2)(fc+l) independent com- 
ponents. Decomposing this relation into irreducible representations in the upper 
indices, using the fact that m^mj^ = S^S B ^, since SU(2, C) transformations 
have unit determinant, the relation becomes: 



r=0 



m, 



Here QaIaI'.'.'II is obtained from f^A 2 .'.'.A k bv tracing over pairs (A u A 2 ), (B 1 , B 2 ) 
. . . (A 2s -i, A 2s ), (B 2s _i, B 2s ) with a skew spinor symplectic form ecD, or its in- 
verse e CD , as appropriate (here r + 2s = k, so k — r is necessarily even), sym- 
metrizing over the remaining 5-indices and over the remaining A-indices and 
multiplying by a suitable positive constant, depending only on r. We have (r + 1) 2 
independent components for each g^A 2 '"^ , in agreement with the simple combi- 
natorial identities: 



When k = 2s is even: 

1 : (2s + 3)(2s + 2)(2s + 1) = l 2 + 3 2 + 5 2 + . . . (2s + l) 2 . 



6 

• When k = 2s + 1 is odd. 

( 2S ^ 4 ) = i(2s + 4)(2s + 3)(2s + 2) = 2 2 + 4 2 + • • • + (2s) 2 + (2s + 2) 2 . 
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We now need to show that necessarily each Q^IaI ' aI vanishes. We may further 
decompose into irreducible spinor representations, so the required sum now takes 
the form: 

0<p,q<k 

Here the quantities (^,5)^^'"^ for p + g = r are the irreducible spinor parts 

of the spinor QaIaIZa^ so {K^mm'.'X is trace-free on any index pair (Aj, B k ) 
and is symmetric in its upper indices and symmetric in its lower indices. We need 
only to prove that each ^ '"a" vanishes identically. 

Note that the matrix m\ may be written uniquely as follows: 

t + iz x + iy 
—x + iy t — iz 

Here we have (t, x, y, z) G M 4 and t 2 + x 2 + y 2 + z 2 = t 2 + x.x = 1. Also 
x = (x, y, z) lies in IR 3 , equipped with its usual Euclidean dot product. Note that 
we have also = 2t = ±2y/l — x.x. In this language, we now need to analyze 
the relation, valid whenever x.x < 1 : 

Here x £ M 3 and the function h p>q (x) is a polynomial: {h Ptq ) aia2 ^ Mp x ai x a2 . . . x ap , 
where 1 < aj < 3, for each j. The coefficient tensor (h P:q ) aia2 _„ ap is totally 
symmetric and trace-free on any index pair. First put x.x = 1, which entails that 
t = 0, giving the formula: 

= E Kfiiz)' = L 
v 

But, as p varies, the functions h P fl(x) are spherical harmonics on the two-sphere 
x.x = 1, of different eigenvalues with respect to the Laplacian operator of the two- 
sphere, so are mutually orthogonal. So h P: o(x) = on the two-sphere, for each p. 
But h P fi(x) is homogeneous in x of degree p, so h pfi (x) vanishes identically on 
IR 3 , so (hpfi)^ 1 ^ 1"\aI vanishes identically, for each p. Then the remaining sum has 
a factor of 2t, so we may factor out and reduce to the relation: 

p,q 



m A B = 
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Again put x.x — 1, so t — 0, giving the formula: 

= h p> i(x), x.x — 1. 
p 

B Bo B 

As before we conclude that each (h p> i) AlA2 " A * vanishes identically. Now we 

iterate and conclude that each (/i p , g ) j^f* " A p p vanishes identically, as required, for 
all p and g and we are done. Summarizing, we have given a proof of the following 
result: 

• The kernel of S acting on the space HI at is the image of C acting on the same 
space. 

Finally, we notice that in the course of this proof, we have found that the image 
of S acting on does not involve harmonics apart from those of the form fk,k 
for < k < N. This follows from the relation C + = C~ = —2J cd J cd , acting 
on functions of the form: fa]^ 2 "\ m bl m bl ■ ■ ■ m l k k - We describe this first, before 
finishing our argument. 

We compare our normalizations of the Casimir operators for the groups SO(4, R) 
and SU(2, C) x §U(2,C) as follows. Using spinors the group elements m a b of 
SO(4, R) decompose as products of SU(2, C) elements: 

m a = m A B m/. 
The Lie algebra operator J cd = —J dc decomposes as: 

Jed = CcdJc'D' + tC'D'JcD- 

Here Jcd = Jdc and Jc>d> = Jd'c generate the independent factors of SU( 2, C). 
Acting on m a b , we get: 

2J CD m a b = e c ' D 'j cd m a b = t c ' D ' m a[c 5 d] h = f' D ' m A , c ,m A{c 5 D f5j§' = -m A B ' m A{c 5 D f . 
So we have: 

JcDm A B = 0, JcDm A B = --m A ( C 5 D f, 
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Now we can compare Casimir operators. We have: 

3 

J cd Jcdm ab = J cd m a[c g d]b = J cb m a c = m a[c 5 b] c = --m ab , 

J CD Jcnm A B = -\j CD m A{c 5 D f = \e BD 'J CD m A c = -\e BD m A{c 5 D ^ = -\m B . 

3 

Similarly we have J c D Jc'D ,m A^ = — m S ■ The group elements m A B are of 
spin one-half, so the second-order Casimir operator C, acting on m A B , has the 
eigen-value 1(1 + 2) = 3. So we have JcdJ cd = — Similarly, we have also 
Jc'D'J C D ' = — \C ~. These equations are consistent with the identity J c dJ cd = 
2(J C dJ CD + Jcd'J C ' D '), which follows immediately from the definition of the 
spinor operators J C d and Jc>d> in terms of J cd . Acting on polynomials in m a b we 
then have: 

t T CD j jC'D' 1 T jcd 
■JCDJ — JC'D'J — -^JcdJ ■ 

So, finally we have C + = C~ = —2J cd J cd . In particular the various polyno- 
mials /aja2.'.'.afe m fei m b2 ■ ■ ■ use( ^ above, which we showed are eigen-states of 
—2J cd J cd of eigen-value k(k + 2) are also eigen-states of C + and C~, each with 
the same eigen-value k(k + 2). 

So acting on M N , the H-transform annihilates and has zero kernel acting on 
HT^. But we have just shown that the image of each H fc fc under S lies in H fc fc . 
Since the kernel is zero and each is finite dimensional, the restriction of S 
to each is an isomorphism with its image. So the kernel of S acting on EItv 
is precisely the space Hf^ and the image of S acting on M N is precisely the space 
H^. The latter space is also the kernel of the operator C = C + — C~ acting on 
M N . We have proved, for any non-negative integer iV: 

• The kernel of C acting on the space M N is the image of S, acting on the 
same space. 

• The kernel of S acting on the space M N is the image of C, acting on the 
same space. 



19 



7 The null twistor geometry 



The twistor space for conformally flat space-time may be taken to be a four di- 
mensional complex vector space T, whose elements are called twistors lfT3l - |fT51 . 
Complexified, conformally compactified space-time is recovered as the Grassma- 
nian Gr(2, T) of all two-dimensional complex subspaces of T, with the conformal 
structure such that x and y in Gr(2, T) are null related if and only if they have a 
non-zero twistor in common. The space T is equipped with a pseudo-hermitian 
structure of signature (2, 2). If Z a denotes a twistor, then its conjugate is denoted 
Z a , which lies in the complex dual space T* of T. Then the (real ) inner prod- 
uct of Z a with itself is Z a Z a . The space T is the disjoint union of three sets, 
= {Z a E T : ±Z a Z a > 0} and N = {Z a E T : Z a Z a = 0}. The twistors 
of N are called null. Put N' = N — {0}. Then N' is a smooth real manifold of 
dimension seven. We say that x E Gr(2, T) is real if and only if x C N. The key 
fact relating twistor theory to space-time is that the subset X of all real elements of 
Gr(2, T) is a smooth four-manifold, equipped with the induced natural structure 
conformal structure, which makes X a conformal compactification of Minkowksi 
space-time. Each element Z in N' belongs to a one-parameter family j(Z) (a cir- 
cle) of elements of X, which forms a null geodesic in X and every null geodesic 
arises in this way. Also 'y(Z) = j(Z') if and only if Z' = XZ, for ^ X E C. 

The twistor space T carries a natural flat pseudo-Kahler metric g = dZ a dZ a , 
whose signature is (4,4). Restricting to the space N', this metric degenerates, 
with the direction of degeneracy given by the homogeneity vector field H = 

— a d —a d 

Z a d a + Z a d , where d a = —— and d = The one parameter group for 

oZ a dZ a 

this vector field is the transformation Z a — > e t Z a with t real. Quotienting N' 
out by this vector field, we get a smooth six-manifold, denoted M, with a confor- 
mally flat conformal structure of signature (3,3), naturally induced by the pseudo- 
Kahler structure of T. We may assign co-ordinates Z = (a, (3, 7, 5) E C 4 for T, 
such that: 

Z a Z a = | a | 2 +|0| 2 -|7| 2 -|*| 2 - 
Then the twistors of N' satisfy |a| 2 + \f3\ 2 = |7| 2 + \S\ 2 > 0. When we quotient 
by the scaling Z — > e t Z, we may take \a\ 2 + |/3| 2 = I7I 2 + |5| 2 = 1, so M is the 
product § 3 x S 3 , where S 3 is the real three-sphere. Further the induced metric is 
the metric \da\ 2 + \d(3\ 2 - \d-f\ 2 - \d5\ 2 which gives M the metric G+ - G- (of 
signature (3, 3)), where the G± are unit three-sphere metrics, applied to the first 
and second factors of the product S 3 x § 3 in the cases of G + and GL, respectively. 
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8 The twistor symmetry Lie groups and algebras 



The symmetry group O(T) of T, equipped with its pseudo-Kahler structure, is the 
group of real linear transformations of T to itself preserving the pseudo-Kahler 
metric. Then O(T) is isomorphic to the twenty-eight dimensional real Lie group 
0(4, 4, R). The subgroup U(T) of O(T) is the subgroup that preserves the com- 
plex structure. It has sixteen real dimensions and is isomorphic to the Lie group 
U(2, 2, C). The Lie algebra o(T) of O(T) is represented on the twistor space by 
the operators: 

E ^ = 2Z ^d P \ E aP = 2Z [oi d^ E« = Z a dp-Z p d a . 

The operators E af3 and E a/3 have six complex degrees of freedom, counting for 
twelve real dimensions. The operator E% obeys Ep = —Eg, so has sixteen de- 
grees of freedom. The Lie algebra commutators are easily computed directly, with 
the result: 

[E^,ET s ] = 0, [E a p,E 7S ] =0, 

[El E lS ] = -28%E* a , [ElE l5 \ = 25^E SW , 

[El E]} = t%Ef-Sf El 

[E^,E, 5 } = -45 [ °E®. 

Note that the operator E% generates the Lie algebra u(T) of U(T). The operator 
H = Z a d a + Z a d a commutes with the whole algebra of o(T) . Also introduce the 
(pure imaginary) operator E: 

E = E« = Z a d a -Z a T. 

Then iE, generates phase transformations of the twistor space: e ltE maps Z a to 
e lt Z a , for any real t. Note that E grades the algebra o(T): 

[E,E al3 } = 2E al3 , [E,EI = 0, [E,E a/3 ] = -2E a(3 . 

Also put h = Z a d a and h = Z a d a . Then we have: 

H = h + h, E = h — h, 

h = ±(H + E), h= 1 -(H-E). 

Note that all four operators h, h, E and H mutually commute. Finally note that 
operators of o(T) kill the function Z a Z a so naturally induce operators on N'. Also 
the operator H preserves Z a Z a up to a scale, so it too induces an operator on N'. 
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9 The null twistor wave operator □ 



We consider the Laplacian operator associated to the pseudo-Kahler structure of 
T, the operator □ = d a d . We compute the following commutator: 

[□, Z%] = [d a W, ZPZp] = d a [d a , Z^Zp] + [d a , z"z p ]d a 

= d a Z a + Z a d a = 4 + Z a d a + Z a T = H + 4. 

Then, by induction, it easily follows that for each positive integer n, we have the 
relation: 

D n Z^Z p = Z^ZpU 1 + nU n -\H + 5 - n). 

Now let g(Z) be a given smooth function on N'. Extend g(Z) locally to a smooth 
function g(Z), defined on an open set in T containing the space N'. Then apply 
the operator and restrict back to N'. Denote the result by □"((?). So we have: 

g^~g^D n Cg)\ w = n n (g). 

Note that the vector field H is tangent to N', so gives a well-defined smooth vector 
field, still called H on N'. For k an integer, denote by Ji k the space of smooth 
functions f(Z) on N', obeying the relation, for any Z G N' and any real t ^ 0: 

f(tZ)=t k f(Z). 

We use the same notation TC k , for the associated sheaf and presheaf, the context 
determining which interpretation is relevant. Suppose now that g e H k , so g 
obeys Hg = kg. Then we may consistently require that the extension g obeys 
the analogous relation Hg = kg. Let g' be another such extension of g. Then we 
have Hg' = kg' and g — g' vanishes on N', so by the Malgrange division theorem, 
we may write g - g' = Z a Z a h(Z), where (H - k + 2)h{Z) = 0. Then by our 
calculation above, we have: 

(D n (~g-~g'))(Z) = D n (Z a Z a h(Z)) = Z a Z a {U n {h)){Z)+n{U n '\H+^-n)h){Z) 
= Z a Z a {D n {h)){Z) + n{k-n + 3){n n - 1 h)(Z). 

In the special case that k = n — 3, the last term vanishes and restricting to N' we 
get: □"((?) | N / = D n (g')\ N >. Hence we have independent of the choice of 

the extension of g into T, so is canonically defined. We have shown: 

• The operator D n induces naturally a map from the space (or sheaf) H n - 3 to 
the space or sheaf 7Y_ 3 _ n . 

Only the case n — 1 will be analyzed further here. The operator □ then induces 
a natural second-order differential operator taking 7i_ 2 to 7i_ 4 , which we call the 
null twistor wave operator. 
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10 The null twistor wave operator constructed in- 
trinsically in terms of the operators of the Lie 
algebra o(T) 

An alternative approach to the twistor wave operator uses the operator E af3 = 

2Z^ a d^\ which operates intrinsically to the space N', since it kills the quantity 
Z a Z a . We have the following relations, using the notation of the previous section: 

= Z a !?Z a d y - Z^Zady + Z^TZ^a - Z^Z^da 

= Z a Z a d P d 7 - Z^d^h + 2) + Z^Z^Tda - (5? + Z^)h, 
[E^,E a ,] = -45 [ ;e® = -(£ - 2)E% - 8?E = -2E? - 5?E, 

l -{E^E ai + E ai E^) = E a(S E a , - ^[E^,E ai ] 

= z a z a d p d^ - z%(K + 1) - z^d\h + 1) + z%9 Q a Q - ^(h + h) 

1 1 

= Z Q Z a ^<9 7 --(^d 7 +Z 7 ^+c^)(#+2)+-(Z^^^ 

= Z a Z a d^d 1 - \{Z< i d 1 + Z$ + 6%)(H + 2) + \ePE£ + Z^Z 7 Td a + 6%. 
Rearranging the terms of this relation we have: 

l -{E^E ai +E ai E a(3 -E^E a a -25^) = Z a ZJ? ''d^~(Z%+Z^ +S^(H+2)+Z^Td a . 
In particular, when Z a Z a = and H + 2 = 0, we have just: 

l -{E^E ai + E aj E al3 - E%E% - 28?) = Z?Z^d a . 

The left-hand side of this equation is intrinsic to N', so therefore, so is the right- 
hand side, acting on 7i_ 2 - hi the language of our conformal six manifold, M, the 
bundles whose sections give the spaces Hk are conformally weighted line bundles. 
In this language, we then can rephrase the result on the wave operator as follows: 

• The operator □ naturally induces a conformally invariant second order wave 
operator on M from the line bundle of conformal weight —2 to the line 
bundle of conformal weight —4. 
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11 The co-spin bundle approach to twistor space 



In Minkowski space-time, we use complex two-component spinors, with spinor 
index pairs AA' corresponding to vector indices a; conjugation interchanges primed 
and unprimed indices [[T3l - [[T5l . The metric, g ab , and its inverse, g ab , factorize: 

„ _ , , n ab _ AB A'B' _ c c AC _tC 

9ab — £ab£a'b', 9 — e e , £ab — —£ba, £ab^ — o B . 

Here 6ab and e AB are the complex conjugates of €a>b> and e A ' B ' , respectively. 
Spinor indices are raised and lowered according to the scheme v B = v a eab, 
v A = e AB v B and their conjugates, as appropriate. The points of the co-spin bundle 
are labelled by pairs (x a , n B '), with tt B i a co-spinor at the point x a . The co-spin 
bundle has real dimension eight and maps naturally to the co-tangent bundle via 
the map (x a , n B >) — ► (x a ,Pb), with p b = tv b >it b . Two points in the co-spin bundle 
map to the same image, with p a non-zero, if and only if their co-spinors are phase 
multiples of each other. The image is the part of the cotangent bundle of space- 
time with p b either zero or null and future pointing. There are natural indexed 
vertical vector fields d A ' and d , which annihilate x b and which obey the relations: 

d A 'n B ,=5 B A \ d A 'w B = 1 d A ir B > = 0, d A W B = 5 B A . 
The spinor translation of the operators h, h, H and E is as follows: 

h = TiA'd A , h = If a9 A \ H = h+h = TCA'd A +Wa9, E = h—h = ^A'd A —tta 

H generates the real scaling tca' — * eV^; iE generates the phase transformation 
tta> — > e %t TiA'- The space-time covariant derivative extends to the co-spin bundle 
such that d a 7t B i = 0. The null geodesic spray, denoted J\f, is the vector field: 

M = n A '7T A d a . 

The equation J\ff = gives the twistor functions. The twistor variables are: 

Z a = (ix a 7v A '^A'), Z a = (W A , -ix a W A )- 

Note that AfZ a = 0, J^Z a = and Z a Z a = 0. Any function killed by J\f 
may be regarded as a function of Z a . The space of affinely parametrized null 
geodesies, with attached covariantly constant non-zero spinor tva' is isomorphic 
to the space N with a complex two-plane I removed (this two-plane corresponds to 
the vertex of the null cone at infinity, when Minkowski space-time is appropriately 
conformally compactified). The functions / £ Hk are defined by the formulas: 

Aff = (H - k)f = 0, f(x a , S7T A >) = s k f(x a , ttaO, where O^sGl. 

Using the twistor variables, we have f(sZ a ) = s k f(Z a ), for s real and non-zero. 
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12 The spinor translation of the operators of o(T) 

We write out the operators E af3 , its conjugate E at3 and E% on the spin bundle. 
First, for the operator E a ^ = Z a d — Z^d", we have the derivatives: 

E af5 (Z\ Z y ) = (0, Z a 5P - Z p 5*). 

Write: 

E afi = A apd d d + A a £~f + A^d c ". 

Then we have: 

= (A a(3d d d + A a c ?d C + A^d c ')(tx c n C ', n c >) = {iA^ c , + A a Jx c , A a J). 
So A$ = and A a(3c = n c 'X al3C . Then we have: 

HcE* = n c X^ D n D 'd d + W c Afd E = X«Vd c + W c Af^ . 
Here X Q/3 = W c X a ^ c . Finally we need: 

w c E^(-ix d w D ,w D ) = (x a ^ c 'd c + w c Afd E )(-ix d w D ,7r D ) 

= W c (-iX a ^ D ' - iA a D p x d , Af). 



So we get: 
So we have: 



(-iX a V - iA a c ?x\A a c ?) = 

A a c p = 2Z [a 5§ , X aP = 2Z [a X® , 
IV + S^x c = z5 c "^ + \ C 'Z^ 
X B n c ' + x BC ' = i\ c 'x BB \ B ,, 
X B ,n c ' = \ C \ B , + i5% = \ b ,tt c " + + 7r E ,\ E ')S%, 
itc'X c = —i, X B > = X B >, 
X B 7r c ' = -x BC ' + i\ c 'x BB \ B , = i\ B ,x BB \ c ', 
X? = (ix b \ B ,,\ B ,) : ir c ,\ c ' = -%. 



25 



So finally we may write: 

n c E a ? = X a( "n c "d c + 2n c Z^5 E ] d E , ir c >E a p = X af3 T c d c + 2tx c ^[Jpw 
Here X a/S has entries: 

X AB = e AB x c Tr c 'x B ' c \ B , = -e AB x\ 

2 

Xa'b 1 — —itA'B 1 , X B , = Z a Xb> — Zb'X a = x B ,. 
In particular, we have then the contractions: 

X a/3 X s/3 = 0, X^Zp = 0. 

Also we have: 

7r c 'd c X a P = He AB 7r c ,xg',7r B ,^,0) = -2ZH%, 
X a B ,ir B ' = (-x a Tr A ,,in A ,) = iZ a , 
d E 'Z a = (ix AE ',8%) = e E ' B '(ix A ,e A , B ,) = ie E ' B * 'X a B „ 
n A 'd a Zp = -tn A (0,7i B '). 

Next consider the operator: 

E% = Z a df i -Z f) W. 
We have E%Z~i = b}Z a and EfZ^ = -5°Z P . Also we have: 

Ep-Ka = $i3c>Z a , EpTc = -bcZp. 

Next we have: 

(E«x c )n c , = -i(E«Z c ) - x c Ep c , = -iZ a (S^ - ix c 5 pc >) 
= -i{ix DC '5 a D + 5 aC ')(5C - tx CD '5p D ,)n c ,. 

(E«x c )jf c = i(E$Z°') - x c Ep c = -iZp(5 aC ' + ix c 5%). 
So we may take: 

E«x c = -i(ix DC '5 a D + 6 aC ')(5% - ix CD '5 pD ,). 

Then we have: 

El = -i{ix DC '5 a D + 5 aC '){8 c p - ix CD '5 pD ,)d c + Z a 5p C 'd c ' - Zp8%d? 

= -iX«,X SE d e + Z a 8 pC 'd c ' - Z p 5%~f. 
Taking the trace, we get the expected formulas: 

E a a = 7r C 'd c ' - n c d C = h-h = E. 
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13 The spinor description of the null twistor wave 
operator 

We now are able to compute, in the spinor formalism, the following quantity, 
which gives the main part of the twistor wave operator: 

n C 'TTcE af3 Esf3 = TT c E al3 TT c >Esf3 

= (X al3 n E 'd C E> + 27r c Z^5 E ] d E )(Xs/37r F d FC ' + 2n c ^ [6 5p ]F ,d F ') 
= X^(n E, dcE'Xsp)7r F d FC/ +7Cc'X a E ,(7c E 'dcE'Z 5 )d E '-n c ,X^^ 
+n c ,ZsX%,7r E 'dcE'd F '+T c Z a X S p5 E d\ F d FC >+4T c n c ,Z^5^ 

= Z a X SC 7? F d FC > - m C iK C X a EI {U^ D ')d E ' - 7r c ,T c Z a 5 S E>d E ' 
+nciZsX a F ,7r E 'dcE>d F ' - n c Z a X 5 Ed%, + ^ c Z a X 5E ^ F d FC ^ E 
-AmcKc>zH E \e EF X [m )5 p]Fl d F ' + 4W C 7r c ,^§Z [5 <VdV' 
= Z a X SC 7f F d FC , - m c >n c X a E ,(0,7r D ')d E ' - n c ,W c Z a 5 S E'd E ' 
+n cl Z 5 X a Fl n E 'dcE'd F ' -W c Z a X SE d E +W c Z a X SE W F d FC 'd E 
+iW C 7i c ,Z a (e EF X EF )SsF>d F ' + iW C TT C ,5 E (e EF Xs F )7r F ,d F ' 

WqTTqi Z a 5s F iTf F d 8 — 7 Kc' K C l ^ l E'Zi^ F t 

Conjugating and adding, we get: 

Tc C '7rc(E a P E S/ 3 + E 5 pE a ^) 

— 2lfcTTc'3sF>d F —TfcTTc'Ss F 'TfEd E d F —llc'^C l ^E'5^Fd E d F ) 

-i7r C 'Tfc(X a F ,5 SE ,7r E ' - 5 E (e EF X SF )n F ,)d F ' + c.c. 

Now we have: 

X%, = (Xq,, Xa'B') = (xB>,—i€A'B') 

= -iec,B>(ix AC ',8%) = -ie c >B<{ix c 5 a c + S aC "). 
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So we get: 

X a F ,8sE'^ E -5 E (e EF Xs F )n F > = X a F ,5sE'^ E -iS E {e EF e CF {-ix c 5c's + Sf)n F > 

= X a F ,5 5E >ir E ' - i8 c (-ix c 8 c , 5 + $)n F , 
= e E ' B 'X a B ,5 SE ,n F , + XZ,ir G '8 SF , - i5 c (-ix c 5 c , 5 + 8$)n F , 
= -i(ix c 5 c + 5 aC ')5 S c'KF' + iZ a 5 5F > - %5 c (-ix c 5 c , s + 8?)itf> 
= —i5$7r F > + iZ a 5$ F r. 

So we now have the formula, using the relations h = HA'd A ' , h = n A d A , H = 
h + h and E — h — h: 

= Z a (X 5C 7f F d FC ' - ncXsEdE, + 2n c X SF 7f E d EC ^ F ) + c.c. 
= Z a (X sc W F d FC/ -W c X 5E d E +2W c e EG X SG W F d E c^ F +2W c X SD W 
= Z a (-X sc n E d E ,+lf c X 5E d E ,+i[ c e EG X SG d EC \H-E+2^^ 
= Z a (X SE K E dcci + Tt c e EG X 5G d Ea {H -E + 2)- 2iZ s lx c d FC ^ F ) + c.c. 

= Z a (Tce EG XsGd E c>(H -E + 2)- 2iZ s lf c d FC S F ) + c.c. 

We re-write the — E'-coefficient of the right-hand side of this equation; this coeffi- 
cient is: 

Y s a = Z a T c e EG X 6G d EC , - c.c. 
= iWcX^'Xscd^ ~ c.c. 
= i7r c/ n c X^X SG d GE ' + iX^7T D 'w c Xs G d G , - c.c. 
= m c ,TicX%JC &G d GE ' + iX^7i D 'n G X SG d D/c - iX%,X SG 7r D ' ir D d D , D - c.c. 
= iir c ,K C X%JC &G d GE ' + Z s X°,7r D 'd D , c - iX«J( SC Ti D 'lf D d D , D - c.c. 
= m G iTj c X%,X SG d GE —Z s X^),7r C rd G +Z & X%,'K E d G i G —iX GI X SG 7r D W D d D i D —c.c. 
= zn c/ W c X^X SG d GE '-ZsX^n c ,d E '+tZ a Zsdac^X^X 

= -Y s a + 2nr c/ Tf c X«,X SG d GE ' + 2iZ a Z 5 d ac ~ 2iXZ,X SG ir D 'n D d D/D 
= m c ,ifcX a E J( SE d EE ' + iZ a Z 6 d c >c ~ iX«,X 5c n D 'n D d D , D 
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Now assume that H + 2 = and J\f = n D 'n D d D i D = 0. Also note that the 
operators M and E commute. Then we have: 

ncME^Esp + EspE^ - 26? - (-iX^Xsod 00 ' + Z a b m ,d E ' -Z s 5 a E d E )E) 

= -iZ a Zs(2T c d FC >d F - 2ir c >d F/c d F ' + d cc >E). 

From the work of the last section, we recognize the term —iXp,XsDd DD ' + 

Z a 5sE'd E ' — Z$5%d as being exactly the operator Eg. So, substituting, we have, 
provided H + 2 = M = 0: 

nc'TciE^Esp + E 5( sE a/3 - 252 - E$E) 

= -iZ a Z 5 (27f c d FC >d F - 2TT C >d F >cd F ' + d cc >E). 

The left-hand side of this equation is exactly 2tx C '^c times the twistor wave op- 
erator. We have proved that the spinor description of the operator □, induced by 
d a d , on twistor functions /, of total degree minus two, is given by the formula: 

(pi _ — F — F 1 \ 

7T C 'd d F 'cf ~K C d d F c'd f - -d C c>Ef 1 . 

It is not immediately obvious that the right-hand side of this equation is propor- 
tional to ttq' 7i ij . To verify this directly, first note that since J\ff = 0, we may write 

d a f = t^a>!a + tTa/a" for some f A . Then we have: 

Tx C 'd F d F 'cf - n c d d FC 'f - -dcc'Ef 
= Tfcih + 2)f c - 7f c (h + 2)J C , + 7r c ,n c (d F 'J F , - t ' f F ) - ^Ed cc >f 
= l -{{2h + 2 - E)(n c ,f c ) -(2h + 2 + E)(T C J C ,)) + 7r c ,n c (d F 'J F , - d F f F ) 

1 F 

= ^(H + 2)(-K C >fc - TfcJc) + n C iTfc{d F 'J F/ -d f F ). 

It remains to show that the quantity h c — (H + 2) (n C ' fc — ^cfc ) * s proportional 
to irc'Tfc- Since the co- vector h c is purely imaginary, it suffices to show that 
iT C 'h c = 0. We have: 

n c 'h c = tc c '(H + 2)(rr cl f c - T C J C ,) 

= (H+l)(n c '(7rc>fc-ifc7c>)) = (H + l)(ir c '(-n c >fc-nc7c>)) 
= -{H + l)(n c 'd c f) = -7r c '(H + 2)dJ = -7r c 'd c (H + 2)f = 0. 

Here we used that / has total degree minus two and that the operators d a and H 
commute, whereas Hn A > = n A t(H + 1). 



29 



Next we verify that the quantity i(nc'd F ' dp/cf — K C d d F c*d / — \dcc'Ef) 
is killed by the operator J\f and is of total degree —2. That the degree is —2 
is immediate, since / is of degree minus two and since H commutes with the 

operators E, d a , HA'd B ' and WaQ . It follows that □(/) has total degree —4, as 
expected. Then we have, since M commutes with d a and with E and kills /: 

F F 1 

n D 'n D d d {i{n c >d F 'd F < c f - K C d d FC >d f - -dcc'Ef)) 

= -i(7r C >7fDd d d D , C f - WcTTD^dDc^f) = --^C^ S ~ ^9°/) = 0. 

Since M also commutes with ttcttc, we have shown that the function □(/) lies 
in H-4, as expected. We introduce the Lorentz generators of the co-spin-bundle: 

Note that d A , = 0, so d A 'B' = Qb'a'- Then we may write our operator on 7i_ 2 as: 

ncncO = i(dc',d F i C - d F c d FC i)- 

Finally, let g A and be any smooth functions, not necessarily complex conju- 
gates of each other, such that d a f = t^a'9a + ^a^a 1 - So we have g& — /a + ^aP 
and h A > = f A > — ka'P, f° r some smooth function p. Then we have: 

-(H + 2)(it C igc - Kchc) + nc>ifc(d F ' h F > - d F g F ) 

„, p 

= -mc^c^U) + (H + 2)(n C 'TicP) ~ n c >n c (d (ir F >p) + d (n F p)) 

= 7r C /7f c (-in(/) + (H + 4)p -(h + 2)p - (h + 2)p) = -nr c ,7r c D(/). 

We have proved that the twistor wave operator □ maps 7i_ 2 to 7i_ 4 . Acting on a 
function f(x, tt), which obeys Aff — (H + 2)f = and f(x, — ir) = f(x, n), we 
have: 

-KA'^A^W) = i( d A' d B'A - d A d B A')- 

Alternatively, we first write d a f = n a> J 'a + k : a! a 1 , with f A and f A > smooth. Then: 

-m A >W A n(f) = tz(H + 2)(-K A 'fA ~ K A fA') + 7TA'7f A (5 B ' f B , ~ ^/b)- 

In particular, if we arrange that (H + 3)f A = and (H + 3)f A > = (or indeed, if 
we arrange just one of these relations, since the other then follows automatically), 
then we have just: 

daf = 7T A 'fA+7fAfA>, {H+3)f A = 0, (H+3)f A ,=0, □(/) = i{d B ' f B , -d* f B ) ■ 
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14 The spinor integral operator: the S-transform 

We next construct a spinor integral operator which goes back from 7i_ 4 to 7i_ 2 - 
Let f(x, 7r) be a twistor function of total degree —4 (i.e. / e 7i_ 4 ), so we have: 

= 7T A 'TT A d a f(x, 7T) = (7T A '9 A ' + 7f^ + 4)/(x, 7r) , /(x, -7r) = /(x,7r). 

Then we define the S-transform S(/)(x, 77) of / by the formula: 

r]) = i i f{x a + s?7 A 77 A ', 7c C ')dsn B ' d7r B ,T B dT B . 

J Tr A /ri A ' >0 

Here the variable s ranges over the whole real line. Also the spinor integral is 
taken in the space of spinors tta 1 such that tta'^ is real and positive. We assume 
that / is sufficiently smooth and well-behaved at infinity such that all the integrals 
under consideration converge nicely. Note that the requirement that f(x, n) be 
of degree minus four is natural, since the differential form n B ' dir B /T B dir B has 
weight four, so the total weight of the integrand is zero, as required for the integral 
to be well-defined. If we write the transform out with the symplectic spinor forms 
written in explicitly, we have: 

E(f)(x, 7]) = 1 [ f(x a +se AB e A ' B 'rl BVB ,,7rc>)dse D ' E 'e DE n D ,d7r E/ n D dn E . 

Jn A ,rj B ,e A ' B '>0 

The point here now is that under a real conformal transformation e AB — > ue AB 
with u > real, combined with the replacement s — > u~ 2 s the integral is invari- 
ant. So the integral is conformally invariant. 

We need to check that the differential form being integrated is closed. So we need 

, a 

to show that if f(nA') is smooth and obeys the relation: = (^A'd +tta9 +4)/, 
then the following differential three-form vanishes identically on the space where 
ir a' f] A ' is real and tta' is non-zero, for any fixed non-zero spinor rj A ': 

d(f7r B 'd7r B i7f B d7f B ) 

= (dTTA'd A f+(pKAd A f)n B dn B iW B dW B + fdn B dn B >T B dn B — f ir B dn B i dlf B <M B 
= \((^A'd A ' + 2)f)du B 'diT B ,it B d7f B - \{{7f A d A + 2)f)Tr B 'dTT B ,d7f B dn B 

£ = dn B d7i B '7f B dW B + 7T B d7T B rdW B dlf B . 
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So it remains to be shown that the differential form £ vanishes identically. To do 
this efficiently, first note that since tva'T] a ' is real, by assumption, for each fixed 
r]A', the space of allowable spinors tta> lies in a real vector space of three real 
dimensions. So the four-form S = d£ = 2d^ B ' d^ B idli B <M B vanishes identically. 

, a 

Also the vector field H = tta'O + W A d is tangent to the relation obeyed by ir A ' '■ 
= ^A'f] A ' ~ K A f] A - Contracting S with H gives the form 4£. Since the form S 
vanishes, so does any contraction of S, so £ vanishes also, as required and we are 
done. 



Note that using the transformation (nA',i] B >) — > (— tta', — ?7b')> we find that S(/)(x, 77) 
S(/)(x, —77). Next note that under the replacement x a — > x a + kr\ A r\ A> , com- 
bined with the variable replacement s — > s — the integral remains invariant, so 
E(f)(x, rj) is constant along the null geodesic spray, so is a twistor function: 

iY4/(x,i]) = o. 

Next if we scale r\ A> — > p?i A ', where p is real and positive, combined with a vari- 
able change s — > sp~ 2 , then the integral scales as E.(f)(x,prf) = p~ 2 E(f)(x, rj). 
So we have proved the desired relation: 

• The transform / — > S(/) maps the space 7i_ 4 to the space 7i_ 2 - 

We call this transform the S transform. We can rewrite the H-transform to obviate 
the requirement that ^A'f] A ' be real as follows: 

-a A' n c \ , 7r B 'dn B 'Tf B dW B 



E(f)(x, V ) = i [ f ( x a + S77-V, -tt) ^ 



Je>V e 'keV E ) 2 



Here we have used the fact that / is of homogeneous of degree minus four in 
the variable tva> under positive real scalings. The point now is that the integrand 
is invariant under complex scalings ita> — > sn A ' with s any non-zero complex 
number, so in the integral we no longer need to constrain tia' by the requirement 
that ^A'f] A ' be real. Note, however, the key fact that the integral is not in general 
invariant under phase transformations r/A' — > Xr/A' with |A| = 1. The integral may 
now be construed as taken over R x § 2 , where the M-factor corresponds to the 
s variable and the S 2 -factor represents the Riemann sphere corresponding to the 
complex projective space of the co-spin space with its origin deleted. Since this 
formula is homogeneous in the variable n A ', we can also normalize the spinor tx A ' 
by the relation txa'V A ' — 1 an d then the transform formula reads: 

E(f)(x, rj) = i I f(x a + srj A ri A ', ir c ,)dsn B ' d7r B ,T B dT B . 



J n A ir] A ' = 1 
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15 The equation □ o S = 

We begin by re-writing the basic S-transform formula, using the fact that f(x, ir) 
is a twistor function, so may be written as f(u A , n A >), where uo A = ix a Ti A ,: 

ix a n A > . _ A ti C ' \ , -k 3 ' d-n B iti b dn b 



Note that, since / e H-4, the function /(c<j a , 7Ta') obeys the scaling relation 
f(tu A , tit a') = t~ 4 f(Ld A , tta'), for any positive real number t. Inside the integral, 

d 

denote the operator — — j by d A , with conjugate d A >. Note that the quantity d A f 

OU) A 

obeys the scaling relation (d A f)(tu A , tn A >) = t~ 5 f(u A , n A >), for any positive real 
number t. Applying the derivative d a to the integral formula, inside the integral 
we have: 

d~(f)( x n)-- I ( ( nA ' 3, Wa dA A ( %X<lllA ' I i,n A ^£_\ dsn^dTT^dWB 

Ca^KJ ){X,V) — /II F'° A — -E° A I J I I FJ * lS 'l ' E> I I F>— —E\9 

J W^E'V ^eV J J \ke>V tte'V J (ir E >V keV ) 



We re- write the operator part of the integrand, acting on the function / ( — — — + isrj A , ^ 



as follows: 

1 / ^A' K A 



tte'V ^e'T 



(iv E/ r] E '-K E r] E ) 2 \Tt E ,ri 
1 



{ir E >r} E '7r E r} E ) 3 



[ nA ' E , dA - zr=Ed A >) = --, J_ _ E ,j K B ri B 7i A ,d A -7T B >ri B 'nAd A ) 

{ji A ^ B r\ A d B - 7f A 7r B 'r] A >d B > - it A >Ti~ A (jf d c - rf'~dc>)) 



IX A m T} A d B - 7T A 7T r\ A ,d B , + %TX A ^ A 



{-K E >r] E n E r]^) 3 \ ds 
d 

Integrating out the — term, we get the relation: 

OS 

d a E(f)(x,rj) = r] A/ J A {x,rj) +r] A f A/ {x,r]), 

f _ B ( ix a -n A , . _ A 7T C ' \ ds7T B 'd7T B/ W B dn B 
f A >{x,ri) = / tx a ,ti (d B f) w +isri , w — w , 

Note that under the replacement r\ A , — > —r\ A >, we get f A >(x, —rf) = —f A >(x, rf). 
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Next note that under the scaling transformation r] A > — > trj A >, with t > 0, combined 
with the transformation s — > t~ 2 s, the function I =■ + isrj A , 



F,i ' ' ' K' 
c ds7T B d7T B'W B dW B 

scales by a factor of t°. Also the differential form — =7-5— scales by a 

factor of t~ 8 . So the integral scales by a factor of t~ 3 and we have the relation: 

f(x, trj) = t~ 3 f(x, 77), for non-zero real number t. 

d 

Denote the derivative operator — — by D A ' , with conjugate D . Then the quan- 

oriA' 

tity f A /(x,r]) obeys the homogeneity relation: 

( VB ,D B ' + r} B D B + 3)f A , = 0. 

Next we have, using the fact that ir A /D A ' annihilates both the quantities -ir A /r] A ' 
and W A fj A : 



D A ' f A i = J 7r A ,D A 'T B (d B f) 



ix a 1X A i . _ A Tic \ d.S7T B ' ' dTX B i-K B dTl B 

n E >rj E ' lST] 1 n E ,r] E ' J {7i E >r] E '7r E ri E ) 3 



. b'-b^ o t \ ( ix a n A > . . - A ttc" \ dsn B 'd-K B/ ii B dJf B 
-isn a 71 ■ {d B >d B f) w + 1ST)" 



j E >ri E ' ' ir E >r] E ' J (ir E >r) E '^ E r] E ) 3 

The right-hand side of this equation is real, so immediately we have the differential 
equation: 

D A 'f A > ~ D A J A = 0. 

Comparing with our calculations of the twistor wave operator, we have proved 
that the function S(/)(x, 77) automatically obeys the twistor wave equation: 

(□(S(/)))(*,r/) = 0. 

We have proved: 

• The composition of operators □ o S : 7i_ 4 — > 7i_ 4 vanishes identically. 
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16 The equation S o □ = 

Suppose that a twistor function / of degree minus four lies in the image of □ 
acting on 7i_ 2 , so we have, for some function g(x, tt) e 7i_ 2 the relations: 

d a g = n A >g A + w A g A >, 

(H + 3)g A = 0, (H + 3)g A , = 0, 

i{d A 'g A , - d A g A ) = f. 

Henceforth assume that n A 'r] A ' ^ 0. Then we may write g A > = r) A iq + n A /p, where 
p and q are functions of x a and n A >, with (H + 3)q = and (H + A)p = 0. Put 
r = p + p, so (H + A)p = 0. Note that: 

d A 'g A , = d A ' VA ,q + d A \ A ,p = ri A ,d A 'q + (h + 2)p 
= r] A fd A ' q + ^(h-h)p. 

Then we have: 

d a g(x, 71-) = n A >rj A q + Tr A r} A >q + n A Tt Al r, 
(H + 3)q = 0,(H + 4)r = 0, 

irj A d A q - ir] A >d A 'q - ^(h -h)r = f. 

Here r = \nc>r] c ' \ 2 r] A 'rj A d a g and n A 'd a g = —n c >r] c 'T A q. We show that replacing 
/ by the left-hand side of this equation in the integral for S(/), all terms integrate 
to zero. We take the defining integral for S(/) in the form: 

S(/) = i \ f(x a + sr] A 'f] A , 7r A >)dsir c ' dirc'T dn c . 

Jn ElV E'=i 

First consider the r term. Note that we have, when tte'Ti e ' ^ 0: 
X -^v t A 'v l A d a {h - h)g ={h- h)r. 

Then we have: 

((h - h)r)(x a + sr] A 'rj A , n A >) = i \^V A 'rj A (9 a (h - h)g){x a + srj A 'fj A , n A >) 

l^cV \ 

d 1 — 

os ^c'V I 

Inserting this term into the integral for S(/), the term involving r integrates out to 
zero. 
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It remains to show that the term —ir] A td A 'q integrates to zero. Since the operator 
r\ A 'd A ' preserves the quantities n C 'r] c ' and ncrf, we can assume that nc ,r l C ' — 1- 
Then dn A ' = —rjA'^'dnc. In particular d-K A /dn B > = and dW A dW B = 0. Then 
we have, for w a function of n A > : 

d{wlf c dWc) = d A wdn A 'n c dWc 

— —{i]A'd A w)n c diTc'T^dWc- 
Then we have, when n A ir] A ' = 1: 

(r] E ,d E ' q)(x a +sr] A r} A \ir AI )ds7t c ' dn cl 7f c d7f c = d(q(x a +sr] A r] A ' , -K^dsif (Pk c ). 

So this term integrates to zero; then by complex conjugation, the q term also 
integrates to zero. So S(/) = 0, as required. We have proved: 

• The composition of operators 5oD: 7i_ 2 — > H—2 vanishes identically. 
Summarizing, we have proved: 

• DoS = vanishes identically, so the kernel of □ contains the image of S. 

• S o □ = vanishes identically, so the kernel of S contains the image of □. 
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17 0(4, 4) triality using quaternions 

Consider three eight-dimensional metric vector spaces V a , Yp and V 7 , whose 
elements A are represented as pairs of quaternions A = (P,Q), equipped with an 
0(4, 4) -metric X.X = \Q\ 2 -\P\ 2 . Typical elements of V Q , Yp and V 7 are denoted 
a = (A, B), (3 = (C, D) and 7 = (X, Y), respectively. We introduce a triality r, 
a real trilinear form, and three associated products, given as follows: 

2r = 2(a/? 7 ) = 2a.(/3 7 ) = 2a. (7/3) = 2/3. (7a) = 2/3. (cry) = 2 7 .(a/3) = 27. (/3a) 

= -A(CY + ID) + B(CX + FD) - (FC + DX)A + (XC + DY)B 
= -C(AY - XB) + D(YB - AX) - (YA - BX)C + (BY - XA)D 
= -X(AD - CB) + Y(BD - CA) - (DA - B~C)X + (DB - AC)Y. 
Note that r = (a/37) e ^- Here the three real bilinear products are: 

(/3 7 ) = ( 7 /3) = (C, L>)(X, y) = (CT + XA CX + YD) e Y a , 

( 7 a) = (« 7 ) = (X, y) (A, 5) = (AF - XB, YB - AX) e Vp, 
(a/3) = (/3a) = (A, B)(C, D) = (AD - CB, BD - CA) e V 7 . 
Then we have the inner products: 

(/3 7 ).(/3 7 ) = -|Cy+XD| 2 +|CX+yD| 2 = (|C| 2 -|D| 2 )(|X| 2 -|y| 2 ) = (/3./3)( 7 . 7 ), 

( 7 a).( 7 a) = -\AY-XB\ 2 +\YB-AX\ 2 = (|A| 2 -|S| 2 )(|X| 2 -|y| 2 ) = ( 7 . 7 )(a.a), 
(a/3). (a/3) = -\AD-CB\ 2 +\BD-CA\ 2 = (\A\ 2 -\B\ 2 )(\C\ 2 -\D\ 2 ) = (a.a)(/3./3). 
Next we have the following relations: 

(a(a(3)) = (AD - CB, BD - CA)(A, B) 

= (A(DB - AC) - (AD - CB)B, (DB - AC)B - A(AD - CB)) 

= -(AA - BB)(C, D) = (a.a)/3, 
((5(a(3)) = (C, D)(AD - CB, BD - CA) 
= (C(BD - CA) + (AD - CB)D, C(AD - CB) + (BD - CA)D) 

= -(CC - DD)(A, B) = (/3./3)a, 
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(a( 7 a)) = (A, B) (AY - X~B, YB - AX) 

= (A(YB - AX) - (AY - XB)B, B(BY - XA) - (YA - BX)A) 

= -(AA - BB)(X, Y) = (a.e*)7, 

( 7 ( 7 a)) = (AF-X5,FS - AX)(X,Y) 

= ((AY - XB)Y + X(BY - XA), (YA - BX)X + Y(YB - AX)) 

= -(XX-YY)(A,B) = ( 1 . 1 )a, 

Wi)) = (CY + XD, CX + YD)(C, D) 

= {{CY + XD)D - C(CX + YD), (CX + YD jD - C(CY + XD)) 

= -(CC - DD)(X,Y) = (/3./3) 7 , 

( 7 (/3 7 )) = (X, y)(CY + C*X + YD) 

= ((CY + XD)Y - X(XC + DF),F(CX + YD) - A(CY + XD)) 

= -(XX-YY)(C,D) = ( 1 . 1 )(3. 

By polarizing these relations with respect to the reals, we get a series of identities. 
For example, when 7 ' G V 7 , we have: 

7 ( 7 'a) + 7 '( 7 Q;) = 2( 7 . 7 ')o;. 

The other key identities for a triality may be verified directly: 

((ya)(a{3)) = 2(a(i^)a — (a.a)(/3 7 ), 

((/3 7 )( 7 a)) = 2(a/3 7 ) 7 -( 7 . 7 )(a/3), 

((aP)(P>y)) = 2(aP'y)P-(l3.p)('y<x). 
We can also prove these identities as follows; pick any a' E V Q . Then we have: 

a'.(( 7 Q;)(Q;/3)) = (a'(-ya)).(aj3) = — (a ( 7 c/) + 2(a.a') 7 .(o;/?) 

= -a(a/3)).( 7 a') + 2(a.a') 7 .(a/5) = ^.(-a.a^-y) + 2(a/3 7 )). 

Since this formula holds for all a', and since the inner product is non-degenerate, 
we infer the relation (( 7 a)(a: / 5)) = 2(a/3 7 )a — (a.a)(/3 7 ). The other identities 
are proved similarly. 
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Alternatively we can adopt the following approach, using the fact that the products 
are generically surjective: for example, write (3 = (er/), whenever a. a ^ (here 

y = (a(3)(a.a)^ 1 G V 7 ). Then we have: 

{{^a){a0))—2a{aj3 r y)-\-a.a{P r y) = ((7a) (a (0:7'))) — 2a(a(aj')) .^f+a.a((a^')^f) 

= (a.a)(( 7 '(7«)) + (7(7'«)) - W .j)a) = 0. 

Since this relation holds for almost all a G V Q , by continuity, it holds for all a. 
Finally given any a G V a , there is a natural mapping denoted a : Yp © V 7 — > 
V,3 © V 7 given by the formula: a(f3 © 7) = ((0:7) © (a(3)). Then the operators 
{a : a £ Y a }, which depend linearly on a, represent the Clifford algebra of 
0(4, 4), since we have a 2 = (a.a)I, where / is the identity operator on Yp © V 7 . 
In particular the space © V 7 may be regarded as the spin space for V a . It then 
follows from the structure theory of the representations of Clifford algebras that 
the 0(4, 4)-triality we have constructed is unique up to isomorphism. Of course, 
we also have that V 7 © V Q may be considered as the spin space for Y a and Y a © Yp 
may be considered as the spin space for V 7 . 

We say that a G Y a and (3 G are incident if and only if (a(3) = 0. Multi- 
plying this condition by a, we get (a.a)(3 = 0; multiplying instead by f3, we get 
(p. (3) a = 0. It follows that if a and (3 are incident, then either a = 0, or (3 = or 
both a and (3 are null vectors. Given a^O, with a. a = 0, the space of all (3 such 
that a(3 = turns out to be four-dimensional. Note also that if (a(3) = (a(3 r ) = 0, 
then we have: 

= (3'(af3) + (3(a(3') = 2((3.(3')a. 

So (3 and (3' are necessarily orthogonal, if a ^ 0. Using our quaternionic formal- 
ism, the condition (A, B)(C, D) = becomes: 

AD — CB = BD — CA = 0. 

For (A, B) non-zero and null we have \A\ 2 = \B\ 2 7^ 0. So we may write 
(C, D) = (As, tB), for some quaternions s and t. Then we need: 

= AtB-AsB, = BRt-sAA=\B\ 2 (t-s). 

The general solution is just s = t and we have (C, D) incident with (A, B) ^ if 
and only if \ A\ 2 = \B\ 2 ^ and (C, D) = (At, tB), for some quaternion t. Note 
that the space of solutions is a four-dimensional completely null subspace of Yp, 
the maximal possible dimension for such a completely null subspace. 
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18 The twistor approach to 0(4, 4)-triality 



We represent a twistor Z a by a pair of quaternions: Z a = (C, D). The 0(4, 4)- 
inner product of Z a with itself is — \C\ 2 + \D\ 2 = Z a Z a . We select a unit imagi- 
nary quaternion i and write any quaternion q uniquely as sum q = q 1 + q2, where 
qii = iq 1 (equivalently iq x i = —q{) and q 2 i = —iq 2 (equivalently iq 2 i = q 2 ); 
explicitly we have and qi = \{q — iqi) and q 2 = \{q + iqi). If j and k are unit 
imaginary quaternions, such that ij = —ji = k and if q = t + xi + yj + zk, 
with t, x, y, z real numbers, then iqi = —t — xi + yj + zk, so q ± = t + xi and 
92 = yj + zk = (y + iz)j — j(y — iz). We identify the (commutative) subalgebra 
of all the quaternions q such that q = q±, equivalently qi = iq, with the complex 
numbers C. Then, for any q E C and Z a = (C, D), we define (qZ) a = (Cq, qD), 
making the space of all twistors into a four-dimensional complex vector space. 
Write C = c + jc\ and D = d + d\j, where c , c 1: d and d x are complex 
numbers. Then we may represent Z a by the complex four- vector (c , ci, <i , 
with the action of C just given by left multiplication. The conjugate (dual) vector 
is then Z a = (— c , —c 1 , d , di). Consider the twistor description of the triality 
transformation Z a = (C, D) -> U a = (CY + XD.CX + YD), where (X, Y) 
are given quaternions. This is real linear in the variables X and Y, so to under- 
stand this action it suffices to take the four cases: Y = x e C, Y = j, Y = k, 
X = x + jx\, where x and x 1 axe complex numbers. 

• Y = x is just the transformation Z a — > f/ a = xZ Q . 

• y = j maps Z a = (c , ci, do, di) to [7 a = (-ci, Co, -di, do) = A' 3 "^, 
with matrix: 

10 
. -10 
0-1' 
1 

(The matrix multiplication here is acts on Zp from the left with Z p treated 
as a column matrix). 

• y = k maps Z a = (c , Ci, d , di) to £7 a = (ici, — ic , —idi, id ) = B^Zg, 
with matrix: 



B = 






— i 








% 




















— i 








% 
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• X = x + jxi maps Z a = (c , c±, d , d±) to U a = (x d + x±di, Xid — 
x di, xqCq + x{ci, x{cq + x ci) = C^Zp, with matrix: 

zo x~\ 

q _ x\ — xq 

—x —xi 

—x\ xq 



Combining these transformations the full transformation is of the form: 

Z a ^U a = xZ a + X^Zp. 

Here X afB = pA a/3 + qB a/3 + C afB = -X? a , where Y — x+pj + qk, with p and 
q real. It is easily checked that the skew twistor X a ^ obeys the reality condition: 



^ 1 



X 



a/3 



7 €a/3~/5 



Here e Q/ 3 7 5 is completely skew and is chosen such that 61234 = —1. Finally the 
space of all skew twistors X a ^ obeying the reality condition is a six-dimensional 
vector space over the reals and may be parametrized by the quaternion X together 
with the part, pj + qk, of the quaternion Y that obeys Yi = —iY. The matrix for 

X Q/3 is: 

p — iq x xi 
—p + iq X\ — To 
—Xq —Xi — p — iq 
—X\ x p + iq 



X af3 



We have \X af3 X a/3 + \x\ 2 = -\X\ 2 + \Y\ 2 . Also note that we have: 

U a U a = \x\ 2 Z a Z a + X^ZpX^Z 1 = (^X al3 X a(3 + \x\ 2 ^j Z^Z^. 
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Note that the 0(4, 4)-triality 2r relating^" = (C, D),(X, Y) and W = (A, B) 
is then the (doubled) inner product W a ~U a + U a W a of W° = (A, B) with U a , so 
is 

2r = xZ a W a + xW a Z a + X a( ^Z a Wp + X aP Z a W f ' '. 
The three triality products are now: 

(Z a , (x, X a/3 )) = W a = xZ a + X Pa Z", 
(W a , {x,X a(3 )) = Z a = xW a - X^Wp, 
(Z a , Wp) = (x, X al3 ) = (W a Z a , 2Z [a W' 3] + e a ^ 5 Z 7 Ws) . 
For the last of these products, note that we have: 

\x\ 2 + ^X a ?X a p = \W a z a \ 2 + 2Z la W l3] Z a W f3 = Z a Z a W P W,3. 

We verify directly the triality product structure: 

(Z(Z, (x,X))) = (Z a ,xZ a + X Pa Z") 

= (xZ a + X fia Z p )Z a , 2Z [a (xZ /3] - X^Z,,) + e^Z^xZs - X &e Z e )) 
= {xZ a Z a , -2Z [a X^^ - e^Z^XseZ 6 ) 

Now we have: 

-2Z [a X^~Z 1 - e a ^ 5 Z y X 5e Z e 
= X af3 Z^Z^ - 'iZ [a X^'Z 1 + -e^Z^s^X^'Z" 

= X^Z^Z^ - 3Z [a X^ ] Z y + 3Z 7 X [a/3 Z 7] = X a/3 Z 7 Z 7 . 

So we have Z(Z, (x, X)) = Z a Z a (x, X), as required. The other verifications are 
similar and will be omitted. 
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19 Triality and the invariant ~ -transform 

We assume that the twistor space is equipped with a fixed alternating tensor, e at3l s, 
with complex conjugate e a ^ 5 , normalized by the relation t a p^ a ^ 1& = 24. Ex- 
plicitly we may take e AB c , D , = e AB e c >D' and any spinor parts of e 01 ^ 5 , with three 
or more unprimed indices, or three or more primed indices, vanish. Let Z a be a 
twistor, W a a dual twistor and let X a/S be a skew twistor, which obeys the real- 
ity condition X af3 = \e a ^ s X~ 1& . If the twistor X a ? has entries X AB = ue AB , 
X A B , = ixj),, X A i B i = veA'B' with u and v complex and x a a complex four- 
vector, then Y a/3 = \e a ^ 5 X lS has entries Y AB = \e AB e c > D 'ue c ' D> = ue AB , 
Y A B ' = \e A ' B 'e C Dve CD = ve A ' B ' and Y A B , = - e AC e B , D ^~P = -ix A . Then 
the reality condition boils down to the requirement that u and v be real numbers 
and that x a be a real four vector. Note that this reality condition entails the rela- 
tion: 

AX a/3 X^ = 5^X p °X pa . 

Also we have X a(3 X af3 = 2uv + 2vu + 2X A B ,X A B = 2(uv + vu + x a x a ). In 
particular if X a ^ obeys the reality condition, then X a/3 X a p = Auv+2x a x a (where 
now (it, v, x a ) are real). Note that the signature of the quadratic form X af3 X al3 is 
(4,8), for general X a/S and (2,4), when X a/3 obeys the reality condition. As 
studied in the previous section, the twistor triality formula is: 

T = Z a W P X af} + Z a WfsX aP + xZ a W a + wz a W a . 
Differentiating r with respect to W a , we get the incidence relations: 

Z a X a(3 + xZp = 0, 
Multiplying this formula by 4X 7/3 , we get: 

= X pa X pa Z^ - AxZpX^ = Z a (X pa X f „ + Axx). 

It quickly follows that either Z a = 0, or X a(S = and x = 0, or Z a Z a = 
X a/3 X a p + Axx = 0. Note that provided X a/3 obeys the reality condition, the 
signature of the quadratic form X a(3 X a/3 + Axx = 2 (2m; + x a x a + 2xx) is (4, 4), 
the same as that of the basic twistor spaces. Differentiating r with respect to x 
and X af3 we get the incidence relations for the twistors Z a and W a : 

Z a W a = 0, 2Z [a W® = -e a ^ s Z^W s . 
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Note that the incidence condition is invariant under real scalings of the twistors 
Z a and W a , but not under complex scalings. Assume that Z a is incident with 
W a , where W a ^ is given and Z a is variable. If W W a ^ 0, the only solution 
is Z a = 0. When W W a = 0, the solution space is a real vector space of four 
dimensions and every solution is null: Z a Z a = 0. Henceforth we take W a to 
be non-zero and null. In (conformally compactified) real Minkowski space-time, 
since W a is null, W a selects a null geodesic. For convenience, we assume that 
W a does not lie on the null cone at infinity. Also for convenience, we delete from 
our solution space the solutions Z a , for which Z a and W are linearly dependent 
over the complex numbers. Then Z a is non-zero and null, so it also determines a 
(variable) null geodesic. For convenience, we assume that these null geodesies do 
not meet at infinity. Then, since Z a W a = 0, the null geodesic represented by Z a 
meets that of W a at a (variable, finite) point of the null geodesic of W a . We may 
write W a = (r] A , —ix BA 'r] B ), for some fixed real vector x a and fixed non-zero 
spinor r\ A . Then, conjugating, we have W = (ix B ' A rj B ,, rj A ,). Also the twistor 
Z a may be written: Z a = (i(x AB> + srj A fj B ')TiB' , ^a 1 ), where s is a real variable 
and n A / is a non-zero variable spinor subject to the condition that ir A irj A> be pure 
imaginary and non-zero. Write 7r A irj A = iu, where u is real and non-zero. Note 
that the condition n^0 guarantees that Z a and W are linearly independent over 
the complex numbers and that they meet at a finite point, as required. Then we 
have: 

dZ a = -uds(r] A , 0) + (i(x AB ' + sr) A rj B ')dir B/ ,d7r AI ). 

Now we may write dn A i = om A i+f3rj A ,, where the one-form (3 is complex whereas 
the one-form a is real. Note that ir A dn A i = —iu(3. Also define the fixed auxiliary 
twistor U a = (r] A , 0) (so U a = (0,7/ A '). Note that the twistors U a , Z a and W° 
are linearly independent. Also we have Z a U a = iu. Then we have: 

dZ a = -udsU a + aZ a + 0W a . 

In particular we have for the contact form: 

iZ a dZ a = u 2 ds. 
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Next let 6 a be an auxiliary twistor-valued (constant) Grassman variable that anti- 
commutes with itself, with the exterior derivative operator and with its conjugate, 
9 a . Consider the four-form: 

tu A = ^(6 a dZ a + 9 a dZ a )\ 

Put U = U a 9 a + U a 9 a , Z = Z a 9 a + ZJ a and W = W a 9 a . Then we have: 

u 4 = ^-(-uUds+Za+Wp+W[3) 4 = -uUdsZaWpWfi = (UZWW)udsa(3p. 

The real vector field H = Z a d a + Z a d a is tangent to the relations obeyed by Z a . 
Contracting dZ a with H gives the relation: 

L H dZ a = Z a = L H (-U a uds + aZ a + (3W a ). 

It follows that Ln(ds) = lh{I3) = and lh{ol) = 1. Define u 3 = —lh^>a- Then 
we have: 

u 3 = -l h uj a = ^(6 a Z a + 9 a Z a )(e p dZ p + DpdZ 13 ) 3 = UZWWudsfip. 

Note that u 3 is a projective form of weight four: under the scaling Z a — > t(Z)Z a , 
where t(Z) is a non-zero function of Z a , we have ui 3 — > t(Z) 4 uj 3 . Next we work 
out the Grassman element UZWW. Put (j) A = 9 A - ix a 9 A > and v = U a 9 a = 
rj A '6 a 1 - Then we have: 

W = WJ a = VA 9 A - ix a r] A e A/ = r] A (f> A , 

U — v + v, 

~Z a 6 a = -i(x a + s-q A r) A ')Tf A 6 A > + W A 9 A = W A (p A - isrj A if A v, 

Z = TV A (f) A + Tf A >4> A — iS7] A 7Y A U, 

UZWW = (v + v)^^ + n A i$ A '){riB<t> B rj B 4) B ') 

= --u(v + v)((f) B r] B , - r) B <f) B/ )(f) B (t) = ratf, 
I _ _ B i 
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We next show that the quantity ^ may be neatly expressed as a quadratic in the 
twistor W a . Note that: 

e a e a wW = (e A e A + 9 A ,e A ')wW 

= {{<p A + ix a 9 A ,)9 A + 6 AI Q> A ' - ix a 9 A ))WW 

= {<j) A e A + e A ^ A ')r] B( p B f] B ^ B ' 

1 _ r _b' 

= —^(vfoVB' ~ v<P b >Vb)<P <P ■ 
Also put 6 a 6 f3 e~< = e^Eg, so S Q = -\e aPl5 9 p 9^9 5 . We have: 

T, A = —-e AB e c D 9 b 6 C '6d' = -j4>A®C'Q C , 

spA' ^ JL'B' ft ft c ft D — ^ ft A ' ft ft c 
2j = —-€ ecD"B'V & — —-V V c v 

= -\e A \<Pc + 2ixE'9 D ,)4> c = - l -e A '<t> c f - l -x a 4> A 9 c >e c ' 
= -U A '<p c <p c - ix a x A , 

W a H a = r\^ A ' + ix a rj A ,Z A = -\va>8 A ' <Pc<f = \v<p c 4> C \ 

W a W P Y,J p = l -vr) B 4 B ' ^ ■ 
Expanding out ^, we get: 

I j Qt 

* = --vfj BI (p B - -vr) B (f) (j) B ,(j) + c.c. 

= W a W P 6j:p + 9 a 9 a WW + W a W p 9 a T, 13 . 
So now we have a concrete expresssion for the three-form u 3 : 

u 3 = UZWWudspp 

= (FF^S^ + 9 a 9 a WW+ W a W(i9 a ^)iu 2 dst3p 
= iiWW^aEf) + 9 a 9 a WW +W a W ( i9 a ^)dsTi c 'lx c dixc'dlfc- 
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Let f(Z) be a given twistor function of degree minus four: f(tZ) = t~ 4 f(Z), 
for any real non-zero real number t. The invariant H-transform of f(Z) is by 
definition: 

~(f,6,W)= I f(Z)u 3 . 

J Z incident with W 

Here W a is any non-zero null twistor and f(Z) is defined on N'. The integral is 
taken over a three-sphere and always converges, with the result varying smoothly 
with W. Comparing with our original definition of the transform S(/), we find 
that we have proved the fundamental fact: 

• E(f, 9, W) = = (W a W%Zp + W a W P 6%e a 6 p + W a Wp6 a ^)~(f). 

Note that since the left-hand side of this equation is plainly invariant under the 
scaling W a — > tW a , where t is any real non-zero number, so we see immediately 
that S(/) must be of degree minus two in W a , which was previously established 
by direct calculation. 
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20 The reduction of the invariant ~ -transform to the 
SU(2, C) transform 



We consider the invariant S-transform: 



~(f)(W,6) = J z 



Z incident with W 



f(z)z.e(dz.ef. 



Here 6 is a vector- valued Grassman variable. We represent Z by the quaternion 
pair (C, D) and W by the quaternion pair (A, B), such that the incidence condition 
of Z with W reads (C, D) = (At, tB), for some quaternion t, where |C| = \D\ ^ 
and \A\ = \B\ ^ 0. Also f(Z) is homogeneous of degree minus four, so 
the integral is both projectively invariant and invariant under the non-zero real 
scalings of W, so we may assume without loss of generality that \A\ 2 = \B\ 2 = 
\C\ 2 = \D\ 2 = \t\ 2 = 1. Write 6 = (a,/3), where a and (3 are quaternion- 
valued Grassman variables, such that Z.9 = aC + D(3 + Ca + (3D and dZ.O = 
—adC + dD/3 + dCa — (3dD. Substituting for Z in terms of W, we have: 



Next write a = Aj and (3 = 5B, where 7 = Aa and 8 = (3B are Grassman 

variables. 

Then we have: 



Z.6 = aAt + tB(3 + tAa + 0Bt, 



dZ.9 = -aAdt + dtB(3 + dtAa - (3Bdt. 



Z.O = ^jt + t8 + ty + St, 
dZ.6 = -tydt + dtS + dty - Sdt. 



Using R 4 indices, we may write: 



Z.6 



e a t a , dZ.9 = -e b dt b , e a = 2( 7a + 6a). 



We then have: 



Z.6{dZ.9f = e a e b e c e d t a dt b dt c dt d 
= h\ w (6)e abcd t a dt b dt c dt d , 
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So after factoring out the form Q w (9), and writing p for t, g for A and h for B, 
the transformation becomes just: 



This exactly agrees with our original H-transform on the Lie group SU(2, C) x 
SU(2, C, completing the demonstration that all three transformations are equiva- 
lent. 

Note that written invariantly, without the use of the Grassman variable 6, we have 
the following expression for the transform: 



Here, as in the last section, the quantity o a ^ d gives a natural isomorphism from 
trace-free symmetric tensors X a/3 in eight dimensions to real self-dual four forms 
X abcd in eight dimensions, each space being thirty-five dimensional. 





Z incident with W 
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